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In this study, we analyze the deficiencies of specific frictional resistance in heating engineering. Based on economic specific
frictional resistance, we put forward the concept of comprehensive specific frictional resistance, which considers themultiple factors
of technology, economy, regulation modes, pipe segment differences, and medium pressure. Then, we establish a mathematical
model of a heating network across its lifespan in order to develop a method for determining the comprehensive specific frictional
resistance. Relevant conclusions can be drawn from the results. As an application, we have planned the heating engineering for
Yangyuan County in China, which demonstrates the feasibility and superiority of the method.

1. Introduction

With the development of modern society, improvements in
heating engineering have attracted attention. In the field of
heating engineering, the specific frictional resistance refers
to the resistance loss of pipe per meter [1, 2], which is
very important in China. In this paper, we discuss specific
frictional resistance during the designing or planning stage,
when specific frictional resistance acts as an intermediary to
select a suitable pipe diameter.

At present, studies mainly involve two aspects of specific
frictional resistance: one is the weighted average specific
frictional resistance; the other is economic specific frictional
resistance. For a heating network with regulated change in
flow rate at different stages, the specific frictional resistance
undergoes a step change due to the change in flow rate.
In order to measure and reflect this characteristic of the
specific frictional resistance, weighted average specific fric-
tional resistance is recommended for selecting pipe diam-
eters. Hong [3] discussed the differences between weighted
average frictional resistance and traditional specific frictional

resistance and analyzed the power-saving effect by taking
a heating network with flow rate regulation as an example.
The economic specific frictional resistance is an ideal value
relative to the specific frictional resistance from the economic
perspective and iswidely used inChina at present.Ge et al. [4]
established a mathematical model, which took the minimum
cost of the heating network as the objective function, and
discussed the relationship between the economic specific
frictional resistance and the economic heating radius. Liu et
al. [5] offered the concept of the new economic specific fric-
tional resistance by establishing the transportation distance
limit model and the transport energy consumption ratio
model. Wang et al. [6] took the indoor heating horizontal
single tube and vertical single tube system as examples to
establish a mathematical model with minimum cost as the
objective function, by which they obtained the economic
specific frictional resistance under different conditions. Li
et al. [7] studied the hydraulic calculation methods and the
existing problems on the condensate pipe net, and they used
the differential method to calculate the economic specific
frictional resistance of the condensate pipe net.
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Through analysis of the various research [3–11] on specific
frictional resistance, we identified problems related to the
value of specific frictional resistance, as follows:

(i) In China, the value of specific frictional resistance
used in engineering still follows the traditional economic
specific frictional resistance value of 30∼70 Pa/m, which was
introduced by the former Soviet Union in the last century.
With the rise in prices and changes in materials, this value
is not applicable to the current state of practice in heating
engineering.

(ii) The value of specific frictional resistance should be
related to the regulation modes, which can bring about
different changes in flow rate andmedium temperature.How-
ever, the traditional model of economic specific frictional
resistance treats the different regulation modes in the same
way [3–11].

(iii)With the development of the central heating network,
pipe networks have become more massive and complex,
which has led to increasing differences among pipe segments.
Thus, it is not suitable to use the same specific frictional
resistance standard of 30∼70 Pa/m to determine the pipe
diameter in a network system. Instead, each pipe segment
should be differentiated. That is to say, each pipe segment
should have a specific frictional resistance of its own [3–11].

(iv) The distribution of pressure in the pipes is now
more complicated because of the mass and complexity of
the pipe networks. It has a direct relationship to the value
of specific frictional resistance whether the pressure meets
the requirements. However, the value of traditional economic
specific frictional resistance of 30∼70 Pa/m does not take into
account the constraints of the medium pressure [3–11].

In order to solve the above problems, we propose the
concept of comprehensive specific frictional resistance. It
refers to a measure of resistance loss of pipe per meter
that incorporates a number of related factors. By means
of it, heating engineering applications can achieve better
economic effects during their lifespan [12–14]. The related
factors considered in this paper include technology, economy
[15, 16], operation regulation modes [17, 18], pipe segment
differences, and the medium pressure [19–22].

2. The Mathematical Model

In this section, we give the method for obtaining the value of
comprehensive specific friction resistance as follows.

2.1. Factors Related to Comprehensive Specific Frictional Resis-
tance Theory. Through the analysis of technology, economy,
operation regulation modes, pipe segment differences, and
the medium pressure in a heating system, we have drawn
several conclusions about the comprehensive specific friction
resistance model theory:

(i) Pipe Segment Differences. With pipe networks becoming
massive and complex, the difference among pipe segments
becomes more apparent. For example, it is common for the
pipe diameter close to the heat source to beDN1400, while the
pipe diameter can be reduced to DN200 at the user end point.
This difference should not be ignored. In order to account for

the differences among pipe segments, a single pipe segment is
taken as an object in establishing the mathematical model in
this paper. In this way, we get different values corresponding
to different pipe segments.

(ii) Operation Regulation Modes. We take into account the
influence of operation regulation modes on comprehensive
specific frictional resistance due to the fact that different
operation regulation modes incur different electricity con-
sumption and different heat loss.

(iii) Medium Pressure. The value of comprehensive specific
frictional resistance takes into account the medium pressure
constraint, which can prevent heating accidents on the opera-
tional stage, such as pipe cracking ormediumvaporization. In
the following study, themediumpressure constraint ismainly
embodied in the constraint conditions of the mathematical
model.

(iv) Technology and Economy. The Present Value Cost is
chosen as the objective function [23, 24] by analyzing the
advantages and disadvantages of each economic effect eval-
uation index.

(v) Technology and Economy. The value of specific frictional
resistance is sensitive to the factors of primary network
construction fee (including civil engineering cost and pipe
installation fee), electricity fee, and fuel cost across the
lifespan of heating engineering application. These factors
must be embodied in the mathematical model. Heat source
construction fee, heat exchange station construction fee,
thermal user fuel cost, water fee, maintenance cost, and
labor wages are irrelevant factors that can be ignored in the
mathematical model.

2.2. Establishment of the Objective Function. In this section,
we establish the objective function taking the single segment𝑖 as the object. The objective function is the Present Value
Cost of pipe segment 𝑖 across the lifespan of 𝑛 years, and
the cost includes civil engineering cost, pipe installation fee,
electricity fee, and fuel cost.

For the different regulations, the civil engineering cost
and the pipe installation fee are the same, but the electricity
fee and fuel cost are different, because the heat load varies
continuously during heating season. The following is the
establishment process of the objective function.

2.2.1. The Civil Engineering Cost. Taking the directly buried
laying method as an example, a set of data about pipe
diameter 𝑑 and the corresponding civil engineering cost 𝑚1
from Chinese markets is shown in Figure 1.

The fitted curve is𝑚1 = 255.673𝑑2 + 498.819𝑑 + 113.133,
whose 𝑅-squared value is as high as 99.95%. Hence, the
relationship between the civil engineering cost and the pipe
diameter can be expressed by a quadratic polynomial, as
follows:

𝑚1 = 𝑎1𝑑2 + 𝑏1𝑑 + 𝑐1, (1)
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Figure 1: Fitting curve of heating pipe diameter and civil engineer-
ing cost.

where𝑚1 is the civil engineering cost of pipe with a diameter𝑑 (�/m), 𝑑 is the pipe diameter (m), and 𝑎1, 𝑏1, and 𝑐1 are the
fitting polynomial coefficients of civil engineering cost, which
are determined by the specific situation.

As we all know, the Darcy-Weisbach Formula is

ℎ𝑓 = 𝜆 𝑙𝑑 ⋅ ]22𝑔 , (2)

where ℎ𝑓 is the head loss (m), 𝜆 is the coefficient of frictional
resistance [25–27], 𝑙 is the length of pipe (m), ] is the velocity
of medium in the pipe (m/s), and 𝑔 is the gravitational
acceleration (m/s2).

The specific frictional resistance 𝑅 refers to the resistance
loss of pipe permeter, so we get formula (3) from formula (2):

𝑅 = 𝜆𝑑 ⋅ 𝜌]22 , (3)

where 𝜌 is the density ofmedium (kg/m3) and𝑅 is the specific
frictional resistance (Pa/m).

Therefore, the specific frictional resistance, pipe diameter,
and flow rate have the following relationship:

𝑅 = 0.81 × 𝜆𝐺2𝜌𝑑5 , (4)

where 𝐺 is the flow rate (kg/s).
For a heating network, the determination of the compre-

hensive specific frictional resistance needs to account for the
change in flow rate during operation. However, the selection
of the diameter through the flow rate and the specific fric-
tional resistance still relates to themost unfavorable situation.
Therefore, the flow rate𝐺 in formula (4) is the design flow rate𝐺. That is,

𝑑𝑖 = 0.959𝜆1/5𝐺(2/5)𝑖(𝜌𝑅𝑖)1/5 , (5)
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Figure 2: Fitting curve of heating pipe diameter and pipe installa-
tion fee.

where 𝑑𝑖 is the pipe diameter of pipe segment 𝑖 (m), 𝐺𝑖 is the
design flow rate of pipe segment 𝑖 (kg/s), and 𝑅𝑖 is the specific
frictional resistance of pipe segment 𝑖 (Pa/m).

Applying the basic formula of specific heat capacity 𝑄 =𝑐𝑚Δ𝑡 (𝑐 is the specific heat capacity, which for water is 4.2× 103 J/(kg⋅∘C), m is the quality (kg), Δ𝑡 is the temperature
difference (∘C), and 𝑄 is the heat quantity (J)) to heating
engineering, the following formula can be obtained:

𝐺 = 2.39 × 10−4 𝑄Δ𝑡 , (6)

where 𝑄 is the thermal load (W), Δ𝑡 is the temperature
difference (∘C), and 𝐺 is the flow rate of medium (kg/s).

Substituting formula (6) into formula (5), we get

𝑑𝑖 = 3.4133 × 10−2Γ𝑖, (7)

where Γ𝑖 = 𝜆1/5𝑄(2/5)𝑖 /(𝜌𝑅𝑖)1/5Δ𝑡𝑔ℎ𝑖2/5, Δ𝑡𝑔ℎ𝑖 is the design
temperature difference between supply and return water of
pipe segment 𝑖 (∘C), and𝑄𝑖 is the design thermal load of pipe
segment 𝑖 (w).

Substituting formula (7) into formula (1), the civil engi-
neering cost of pipe segment 𝑖 can be given by

𝑀1𝑖
= (1.1655 × 10−3𝑎1Γ𝑖2 + 3.4133 × 10−2𝑏1Γ𝑖 + 𝑐1) 𝑙𝑖, (8)

where𝑀1𝑖 is the civil engineering cost of pipe segment 𝑖 (�)
and 𝑙𝑖 is the length of pipe segment 𝑖 (m).

2.2.2. The Pipe Installation Fee. The data from Chinese
markets about pipe diameter 𝑑 and the corresponding pipe
installation fee𝑚2 is shown in Figure 2.

The fitted curve is 𝑚2 = 3881.425𝑑2 + 4134.162𝑑 +155.267, whose 𝑅-squared value is as high as 99.73%. Hence,
the relationship between the pipe installation fee and the pipe



www.manaraa.com

4 Mathematical Problems in Engineering

diameter can also be expressed by a quadratic polynomial, as
follows:

𝑚2 = 𝑎2𝑑2 + 𝑏2𝑑 + 𝑐2, (9)

where 𝑚2 is the installation fee of pipe with a diameter 𝑑
(�/m) and 𝑎2, 𝑏2, and 𝑐2 are the fitting polynomial coefficients
of the installation fee, which are determined by the specific
situation.

Substituting formula (7) into formula (9), the installation
fee of the pipe segment 𝑖 can be given by

𝑀2𝑖
= (1.1655 × 10−3𝑎2Γ𝑖2 + 3.4133 × 10−2𝑏2Γ𝑖 + 𝑐2) 𝑙𝑖, (10)

where𝑀2𝑖 is the installation fee of the pipe segment 𝑖 (�).

2.2.3. The Electricity Fee

(i) For a Heating System with Quality Regulation. A heating
system with quality regulation is regulated simply by chang-
ing the water-supply temperature, so the flow rate of pipe
segment 𝑖 is always the design flow rate 𝐺𝑖 . Because the
specific frictional resistance R refers to the resistance loss of
pipe per meter, the annual electricity consumption of pipe
segment 𝑖 is

𝑊3 = 𝑅𝑖𝑙𝑖𝐺𝑖𝜌 𝜏𝑖, (11)

where 𝑊3 is the annual electricity consumption of pipe
segment 𝑖 (J) and 𝜏𝑖 is the run time of pipe segment 𝑖 per year
(s).

So, the annual electricity fee for the pipe segment 𝑖 can be
given by

𝑀3𝑖 = 𝑐3𝜂 𝑊3 = 𝑐3𝜂𝜌𝑅𝑖𝑙𝑖𝐺𝑖𝜏𝑖, (12)

where𝑀3𝑖 is the annual electricity fee for pipe segment 𝑖 (�),𝑐3 is the electrovalence (�/J), and 𝜂 is the pump efficiency.
Substituting formula (6) into formula (12), we get

𝑀3𝑖 = 2.39 × 10−4 𝑐3𝜂𝜌Δ𝑡
𝑔ℎ𝑖

𝑅𝑖𝑙𝑖𝑄𝑖𝜏𝑖. (13)

(ii) For a Heating Systemwith Flow Rate Regulation. A heating
system with quality regulation is regulated by changing the
flow rate. The large variation on the thermal load during the
entire heating period results in a wide range of flow rate
changes, so calculating the electricity fee according to the
design flow rate 𝐺𝑖 does not adequately describe the actual
situation. In order to estimate the electricity consumption
accurately, we need to know the local thermal load changes
and the corresponding hours to draw a thermal load duration
diagram [28]. Under common conditions, the thermal load
duration of the pipe segment 𝑖 in heating engineering can be
described as Figure 3.

Thermal load (W)

Duration (s)Outdoor temperature (∘C)

twk tw3 tw2 tw1 t

w
0 1 2 3 zℎ

Qi = Qi()

Q0

Q1

Q2

Q3

Qzℎ

Figure 3: Thermal load duration diagram of the pipe segment 𝑖.

According to the definition of specific frictional resistance𝑅, the annual electricity consumption of pipe segment 𝑖 is
𝑊3 = 𝑅𝑖𝑙𝑖 1𝜌 ∫

𝜏=𝜏𝑧ℎ

𝜏=0
𝐺𝑖 (𝜏) 𝑑𝜏, (14)

where𝐺𝑖 is the actual flow rate of pipe segment 𝑖 (kg/s),𝐺𝑖(𝜏)
is the flow rate (kg/s)-duration (s) function, and 𝜏𝑧ℎ is the
duration corresponding to theminimum thermal load during
a heating season (s).

The annual electricity fee for the pipe segment 𝑖 is
𝑀3𝑖 = 𝑐3𝜂 𝑊3 = 𝑐3𝜂𝜌𝑅𝑖𝑙𝑖 ∫

𝜏=𝜏𝑧ℎ

𝜏=0
𝐺𝑖 (𝜏) 𝑑𝜏. (15)

Substituting formula (6) into formula (15), the annual
electricity fee for the pipe segment 𝑖 can be given by

𝑀3𝑖 = 2.39 × 10−4 𝑐3𝜂𝜌Δ𝑡
𝑔ℎ𝑖

𝑅𝑖𝑙𝑖Λ 𝑖, (16)

where Λ 𝑖 = ∫𝜏=𝜏𝑧ℎ
𝜏=𝜏0

𝑄𝑖(𝜏)𝑑𝜏, 𝑄𝑖 is the actual thermal load
of pipe segment 𝑖 (w) and 𝑄𝑖(𝜏) is the thermal load (w) –
duration (s) function, as shown in Figure 3.

2.2.4. The Fuel Cost. The fuel cost includes two parts: one
is heat loss fuel cost; the other is thermal user fuel cost.
Due to the irrelevance of the specific frictional resistance
to thermal user fuel cost, there is no need to embody it
in the mathematical model. However, massive, complicated
pipeline networks increase heat loss along the route, so heat
loss fuel cost should be included in the total cost rather
than ignored. The heat loss fuel cost is different for different
regulation modes, because it is associated with the medium
temperature.

(i) For a Heating System with Flow Rate Regulation. The heat
transfer coefficient ℎ refers to the amount of heat transfer
per unit time per unit surface area for a 1∘C temperature
difference, so for a heating network adopting the flow rate
regulation mode, the consumption of heat loss fuel is

𝑊4 = ℎ (𝑡𝑘𝑖 − 𝑡𝑗) 𝜋𝑑𝑖𝑙𝑖𝜏𝑖, (17)
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Figure 4: Duration of actual water-supply or water-return temper-
ature.

where 𝑊4 is the consumption of heat loss fuel (J), ℎ is the
heat transfer coefficient of the pipe surface (w/m2 ⋅∘C), 𝑡𝑗 is
the ambient temperature of pipe segment 𝑖 (∘C), and 𝑡𝑘𝑖 is the
design temperature of medium in pipe segment 𝑖 (∘C). For
the water-supply pipe, 𝑘 = 1, 𝑡𝑘𝑖 = 𝑡𝑔𝑖 = 𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖 and
for the water-return pipe, 𝑘 = 2, 𝑡𝑘𝑖 = 𝑡ℎ𝑖, where 𝑡𝑔𝑖 is the
design water-supply temperature of pipe segment 𝑖 (∘C), 𝑡ℎ𝑖 is
the design water-return temperature of pipe segment 𝑖 (∘C).

So the annual heat loss fuel cost is

𝑀4𝑖 = 𝑊4 ⋅ 𝑐4 = 𝑐4ℎ (𝑡𝑘𝑖 − 𝑡𝑗) 𝜋𝑑𝑖𝑙𝑖𝜏𝑖, (18)

where𝑀4𝑖 is the annual heat loss fuel cost of the pipe segment𝑖 (�) and 𝑐4 is the fuel price (�/J).
Substituting formula (7) into formula (18), the annual heat

loss fuel cost of the pipe segment 𝑖 can be given by

𝑀4𝑖 = 3.4133 × 10−2𝑐4ℎ (𝑡𝑘𝑖 − 𝑡𝑗) 𝜋𝜏𝑖𝑙𝑖Γ𝑖. (19)

(ii) For a Heating System with Quality Regulation. For heat-
supply networks adopting the quality regulation mode, cal-
culating the heat loss fuel cost by the design temperature is
unreasonable due to the variance of the medium temperature
in the pipe. As we know, compared with the design water-
supply temperature and design water-return temperature, a
reduction in actual water-supply temperature of Δ1 is equal
to an increase of Δ2 of the actual water-return temperature
in the quality regulation networks [8]. This is described in
Figure 4.

So, the following formula can be given:

𝑡𝑘𝑖 = 𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − (−1)𝑘 Δ𝑡𝑔ℎ𝑖2 , (20)

where 𝑡𝑘𝑖 is the actual temperature of medium in pipe
segment 𝑖 (∘C) and Δ𝑡𝑔ℎ𝑖 is the actual temperature difference

between supply and return water of pipe segment 𝑖 (∘C), as
shown in Figure 4.

According to the definition of heat transfer coefficient ℎ,
the consumption of heat loss fuel is

𝑊4 = ℎ𝜋𝑑𝑖𝑙𝑖 ∫𝜏=𝜏𝑧ℎ
𝜏=0

(𝑡𝑘𝑖 − 𝑡𝑗) 𝑑𝜏. (21)

Substituting formula (20) into formula (21), we get the
consumption of heat loss fuel:

𝑊4 = ℎ𝜋𝑑𝑖𝑙𝑖 [(𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − 𝑡𝑗) ⋅ 𝜏𝑧ℎ
− (−1)𝑘2 ∫𝜏=𝜏𝑧ℎ

𝜏=0
Δ𝑡𝑔ℎ𝑖𝑑𝜏] .

(22)

So, the annual heat loss fuel cost of the pipe segment 𝑖 is
𝑀4𝑖 = 𝑐4𝑊4 = 𝑐4ℎ𝜋𝑑𝑖𝑙𝑖 [(𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − 𝑡𝑗) ⋅ 𝜏𝑧ℎ

− (−1)𝑘2 ∫𝜏=𝜏𝑧ℎ
𝜏=0

Δ𝑡𝑔ℎ𝑖𝑑𝜏] .
(23)

Substituting formula (7) into formula (23), the annual
heat loss fuel cost of the pipe segment 𝑖 can be given by

𝑀4𝑖 = 3.4133 × 10−2𝑐4ℎ𝜋𝑙𝑖Γ𝑖 [(𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − 𝑡𝑗)𝜏𝑧ℎ
− (−1)𝑘2 ∫𝜏=𝜏𝑧ℎ

𝜏=0
Δ𝑡𝑔ℎ𝑖𝑑𝜏] .

(24)

For a heating system with quality regulation, the actual
flow rate 𝐺𝑖 is always the design flow rate 𝐺𝑖 , so we know

𝑄𝑖Δ𝑡𝑔ℎ𝑖 =
𝑄𝑖Δ𝑡
𝑔ℎ𝑖

. (25)

Substituting formula (25) into formula (24), we get

𝑀4𝑖 = 3.4133 × 10−2𝑐4ℎ𝜋𝑙𝑖Γ𝑖 [[(𝑡

ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − 𝑡𝑗)𝜏𝑧ℎ

− (−1)𝑘 Δ𝑡𝑔ℎ𝑖2𝑄𝑖 Λ 𝑖]] .
(26)

2.2.5. The Objective Function. For pipe segment 𝑖, the objec-
tive function is the PresentValueCost in its lifespan of 𝑛 years.
Supposing the discount rate is 𝜀, it can be described as follows.
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(i) For a Heating System with Quality Regulation

PC = 𝑀1𝑖 +𝑀2𝑖 + (𝑀3𝑖 +𝑀4𝑖) ⋅ ( 𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛)
= (1.1655 × 10−3𝑎Γ𝑖2 + 3.4133 × 10−2𝑏Γ𝑖 + 𝑐) 𝑙𝑖
+ [[2.39 × 10

−4 𝑐3𝜂𝜌Δ𝑡
𝑔ℎ𝑖

𝑅𝑖𝑙𝑖𝑄𝑖𝜏𝑖 + 3.4133

× 10−2𝑐4ℎ𝜋𝑙𝑖Γ𝑖((𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − 𝑡𝑗)𝜏𝑧ℎ

− (−1)𝑘 Δ𝑡𝑔ℎ𝑖2𝑄𝑖 Λ 𝑖)]] × (𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛)

(27)

(ii) For a Heating System with Flow Rate Regulation

PC = 𝑀1𝑖 +𝑀2𝑖 + (𝑀3𝑖 +𝑀4𝑖) ⋅ ( 𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛)
= (1.1655 × 10−3𝑎Γ𝑖2 + 3.4133 × 10−2𝑏Γ𝑖 + 𝑐) 𝑙𝑖
+ (2.39 × 10−4 × 𝑐3𝜂𝜌Δ𝑡

𝑔ℎ𝑖

𝑅𝑖𝑙𝑖Λ 𝑖 + 3.4133
× 10−2𝑐4ℎ (𝑡𝑘𝑖 − 𝑡𝑗) 𝜋𝜏𝑖𝑙𝑖Γ𝑖) × (𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛) ,

(28)

where PC is the Present Value Cost (�), 𝜀 is the discount rate,
and 𝑛 is the life period (years), 𝑎 = 𝑎1+𝑎2, 𝑏 = 𝑏1+𝑏2, 𝑐 = 𝑐1+𝑐2,(𝑃/𝐴 ⋅ 𝜀 ⋅ 𝑛) = ((1 + 𝜀)𝑛 − 1)/𝜀(1 + 𝜀)𝑛.
2.3. Establishment of the Constraint Conditions

2.3.1. The Constraint Conditions of Medium Pressure. The
pressure in the pipe must meet certain requirements in order
to ensure normal operation of the system and prevent pipe
burst or medium vaporization. As the research object is
the primary network system, the lower pressure limit must
guarantee that high-temperature water does not vaporize
in the pipeline, while the upper limit is the pressure that
the pipe and pipe fittings can bear. Additionally, the water-
return temperature is generally less than 100∘C, and for any

water-supply pipe segment 𝑖, there must be a corresponding
water-return pipe segment 𝑖 whose pressure is lower than
the pressure in the pipe segment 𝑖. Therefore, only the
water-supply pipes need to obey the pressure constraints. In
addition, in order to ensure that the pressure in the pipe
segment meets the requirements, the starting and ending
points of the pipe must also meet the requirements.

A branched network diagram without distributed pres-
sure pumps is shown in Figure 5. Pipe segments 1, 2, 3, . . . ,𝑛, 𝑛, 𝑛 − 1, 𝑛 − 2, . . . , 3, 2, 1 constitute the trunk line. Under
normal circumstances, the constant pressure point is located
at the entrance of the circulating pumps, that is, the end of
pipe segment 1. Assuming that the pressure at the constant
pressure point is 𝑃1𝑚𝑜, the pressure at any section of any pipe
segment can be calculated.

According to the Bernoulli equation (Bernoulli’s princi-
ple), the pressure at the start of pipe segment 𝑖 can be given
by

𝑃𝑖𝑠ℎ𝑖 = 𝑃1𝑚𝑜 + (𝑍1𝑚𝑜 − 𝑍𝑖𝑠ℎ𝑖) 𝛾 + 𝜌𝜐212 − 𝜌𝜐2𝑖2
+ (1 + 𝛼)( 𝑖+1∑

𝑓=1

𝑅𝑓𝑙𝑓 + 𝑅𝑖𝑙𝑖) + Δ𝑃zhan.
(29)

So the pressure constraint condition of pipe segment 𝑖 can
be given by

𝑃𝑡𝑔𝑖qihua ≤ 𝑃1𝑚𝑜 + (𝑍1𝑚𝑜 − 𝑍𝑖𝑠ℎ𝑖) 𝛾 + 𝜌𝜐212 − 𝜌𝜐2𝑖2
+ (1 + 𝛼)( 𝑖+1∑

𝑓=1

𝑅𝑓𝑙𝑓 + 𝑅𝑖𝑙𝑖) + Δ𝑃zhan
≤ 𝑃cheng,

(30)

where 𝑃𝑖𝑠ℎ𝑖 is the pressure at the start of pipe segment 𝑖 (Pa),𝜐𝑖 is the flow velocity of the medium in pipe segment 𝑖 (m/s),𝑍𝑖𝑠ℎ𝑖 is the topographic height at the start of pipe segment 𝑖
(m), 𝑃1𝑚𝑜 is the pressure at the end of pipe segment 1 (the
constant pressure point) (Pa), 𝜐1 is the flow velocity of the
medium in pipe segment 1 (m/s), 𝑍1𝑚𝑜 is the topographic
height at the end of pipe segment 1 (m), Δ𝑃zhan is the
resistance loss at heat exchange station (Pa), 𝛼 is the ratio of
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the local resistance to the resistance along the path, 𝑃𝑡𝑔𝑖qihua
is the saturation steam pressure corresponding to the design
water-supply temperature 𝑡𝑔𝑖 (Pa), 𝑃cheng is the maximum
pressure that the pipe and pipe fittings can bear (Pa), and 𝛾
is the volumetric weight (N/m3), 𝛾 = 𝜌𝑔.

In order to simplify formula (30), the item (𝜌𝜐21/2−𝜌𝜐2𝑖 /2)
can be moved as follows:

𝑃𝑡𝑔𝑖qihua − (𝜌𝜐212 − 𝜌𝜐2𝑖2 )
≤ 𝑃1𝑚𝑜 + (𝑍1𝑚𝑜 − 𝑍𝑖𝑠ℎ𝑖) 𝛾
+ (1 + 𝛼)( 𝑖+1∑

𝑓=1

𝑅𝑓𝑙𝑓 + 𝑅𝑖𝑙𝑖) + Δ𝑃zhan
≤ 𝑃cheng − (𝜌𝜐212 − 𝜌𝜐2𝑖2 ) .

(31)

There is little difference among different pipelines in
terms of flow velocity, for which the range is 0∼4m/s [29,
30]; that is, the value of (𝜌𝜐21/2 − 𝜌𝜐2𝑖 /2) is −8000∼8000 Pa.
Compared with 𝑃𝑡𝑔𝑖qihua and 𝑃cheng, its order of magnitude is
low.Therefore, formula (31) can be simplified to the following
form:

𝑃𝑡𝑔𝑖qihua + 8000 ≤ 𝑃1𝑚𝑜 + (𝑍1𝑚𝑜 − 𝑍𝑖𝑠ℎ𝑖) 𝛾
+ (1 + 𝛼)( 𝑖+1∑

𝑓=1

𝑅𝑓𝑙𝑓 + 𝑅𝑖𝑙𝑖)
+ Δ𝑃zhan ≤ 𝑃cheng − 8000.

(32)

In this way, not only has the formula been simplified, but
also a certain margin has been set for the upper and lower
limits.

From the Antoine equation [31], we know that 𝑃𝑡𝑔𝑖qihua =𝑒9.3876−3826.36/(𝑡𝑔𝑖+227.68) × 106 Pa, so the pressure constraint
condition at the start of pipe segment 𝑖 can be given by

𝑒Θ𝑖 × 106 + 8000 ≤ 𝑃1𝑚𝑜 + (𝑍1𝑚𝑜 − 𝑍𝑖𝑠ℎ𝑖) 𝛾
+ (1 + 𝛼)( 𝑖+1∑

𝑓=1

𝑅𝑓𝑙𝑓 + 𝑅𝑖𝑙𝑖)

+ Δ𝑃zhan ≤ 𝑃cheng − 8000,
(33)

where Θ𝑖 = 9.3876 − 3826.36/(𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖 + 227.68).
As described above, the pressure at the end of pipe

segment 𝑖 is equal to the pressure at the start of pipe segment𝑖 + 1 because the velocity difference has been set as a margin
for the upper and lower limits, which means the pressure
constraint at the end of pipe segment 𝑖 has been validated in
the previous step by the pressure constraint of pipe segment𝑖 + 1. Therefore, the pressure constraint at the end of pipe
segment 𝑖 can be ignored.

2.3.2. The Constraint Condition of Design Temperature Dif-
ference between Supply and Return Water. The design tem-
perature difference between supply and return water Δ𝑡𝑔ℎ𝑖
should be limited to a certain range. Too small a temper-
ature difference can result in reduced and inadequate heat
exchange, while too large a temperature difference may need
a very high water-supply temperature, which may be difficult
to achieve ormay incur a very high cost in practice.Therefore,
the design temperature difference between supply and return
water should be limited by

Δ𝑡𝑔ℎmin ≤ Δ𝑡𝑔ℎ𝑖 ≤ Δ𝑡𝑔ℎmax. (34)

2.3.3. The Constraint Condition of the Flow Velocity. The flow
velocity in the pipes should be restricted to a certain range, as
follows:

𝜐min ≤ 𝜐𝑖 = 4𝐺𝑖𝜌𝜋𝑑2𝑖 ≤ 𝜐max. (35)

Substituting formulas (6) and (7) into formula (35), the
constraint conditions of the flow velocity can be given by

𝜐min ≤ 0.821 𝑄𝑖𝜌𝜋Δ𝑡
𝑔ℎ𝑖
Γ𝑖2 ≤ 𝜐max. (36)

2.4. Establishment of a Mathematical Model. Based on the
above analysis, a mathematical model of Present Value Cost
to determine the comprehensive specific frictional resistance
of pipe segment 𝑖 can be given as follows.

(i) For a Heating System with Quality Regulation

min PC = 𝑀1𝑖 +𝑀2𝑖 + (𝑀3𝑖 +𝑀4𝑖) ⋅ ( 𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛)
= (1.1655 × 10−3𝑎Γ𝑖2 + 3.4133 × 10−2𝑏Γ𝑖 + 𝑐) 𝑙𝑖
+ [[2.39 × 10

−4 𝑐3𝜂𝜌Δ𝑡
𝑔ℎ𝑖

𝑅𝑖𝑙𝑖𝑄𝑖𝜏𝑖 + 3.4133 × 10−2𝑐4ℎ𝜋𝑙𝑖Γ𝑖((𝑡ℎ𝑖 + Δ𝑡𝑔ℎ𝑖2 − 𝑡𝑗)𝜏𝑧ℎ − (−1)𝑘 Δ𝑡𝑔ℎ𝑖2𝑄𝑖 Λ 𝑖)]]
× (𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛) .

(37)
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(ii) For a Heating System with Flow Rate Regulation

min PC = 𝑀1𝑖 +𝑀2𝑖 + (𝑀3𝑖 +𝑀4𝑖) ⋅ ( 𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛)
= (1.1655 × 10−3𝑎Γ𝑖2 + 3.4133 × 10−2𝑏Γ𝑖 + 𝑐) 𝑙𝑖
+ (2.39 × 10−4 × 𝑐3𝜂𝜌Δ𝑡

𝑔ℎ𝑖

𝑅𝑖𝑙𝑖Λ 𝑖 + 3.4133 × 10−2𝑐4ℎ (𝑡𝑘𝑖 − 𝑡𝑗) 𝜋𝜏𝑖𝑙𝑖Γ𝑖) × (𝑃𝐴 ⋅ 𝜀 ⋅ 𝑛)
(38)

St Δ𝑡𝑔ℎmin ≤ Δ𝑡𝑔ℎ𝑖 ≤ Δ𝑡𝑔ℎmax (39)

𝜐min ≤ 0.821 𝑄𝑖𝜌𝜋Δ𝑡
𝑔ℎ𝑖
Γ𝑖2 ≤ 𝜐max (40)

𝑒Θ𝑖 × 106 + 8000 ≤ 𝑃1𝑚𝑜 + (𝑍1𝑚𝑜 − 𝑍𝑖𝑠ℎ𝑖) 𝛾 + (1 + 𝛼)( 𝑖+1∑
𝑓=1

𝑅𝑓𝑙𝑓 + 𝑅𝑖𝑙𝑖) + Δ𝑃zhan ≤ 𝑃cheng − 8000. (41)

For the water-supply pipes, the constraint conditions are the
inequalities (39), (40), and (41), while, for the water-return
pipes, the constraint conditions are the inequalities (39) and
(40).

2.5. The Solvability Analysis of the Mathematical Model.
The objective function PC(𝑅𝑖, Δ𝑡𝑔ℎ𝑖) we established is a
continuous real valued function map, and the value ranges of
the decision variable𝑅𝑖 andΔ𝑡𝑔ℎ𝑖 are compact sets.Therefore,
we can know by the Weierstrass Theorem [32] that there
must be a solution vector (𝑅𝑖, Δ𝑡𝑔ℎ𝑖) that makes the objective
function a minimum.

2.6. The Analysis of Algorithm. The mathematical model
established above belongs to the two-dimensional extreme
value problem under inequality constraints. The Complex
method is selected as the optimization algorithm and is
used to solve the models, whose function is to solve the𝑛-dimensional extremum problem under the equality and
inequality constraints.

2.7. The Value of Comprehensive Specific Frictional Resistance.
According to the actual engineering, the basic parameters in
the objective function and the constraint conditions can be
determined, while the total heat load of the heat consumers
that the pipe segment 𝑖 provides heat for during the heating
period Λ 𝑖 = ∫𝜏=𝜏𝑧ℎ

𝜏=𝜏0
𝑄𝑖(𝜏)𝑑𝜏 can be calculated. Substitute all

of them into the mathematical models (37)∼(41) and solve
the mathematical model. We can obtain the comprehensive
specific frictional resistance of the pipe segment 𝑖 𝑅𝑖 and
the design temperature difference between supply and return
water Δ𝑡𝑔ℎ𝑖.
3. Application

3.1. Case. We have planned the heating engineering for
Yangyuan County in China. The heating system is based on

flow rate regulation as themain regulationmode, considering
its energy-saving advantage. In the planning process of the
network, the two schemes, comprehensive specific frictional
resistance and economic specific frictional resistance, are
used to optimize the pipe diameters.

According tomarket research, the calculation parameters
have been selected as follows.

Coefficient of frictional resistance 𝜆 = 0.0196, discount
rate 𝜀 = 7%, electrovalence 𝑐3 = 2.0278 × 10−7�/J, fuel
price 𝑐4 = 1.7088175 × 10−8�/J, the lifespan 𝑛 = 20
years, run time per year 𝜏𝑖 = 14515200 s (equivalent to
168 days), pump efficiency 𝜂 = 70%, ambient temperature
of pipe segments 𝑡𝑗 = 0∘C, heat transfer coefficient of
pipe surface ℎ = 1.22w/(m2 ⋅∘C), design water-return
temperature 𝑡ℎ𝑖 = 70∘C, fitting polynomial coefficients of
civil engineering cost 𝑎1 = 255.67292, 𝑏1 = 498.81903,
and 𝑐1 = 113.13293, fitting polynomial coefficients of pipe
installation fee 𝑎2 = 3881.42532, 𝑏2 = 4134.16167, and𝑐2 = 155.26657, the ratio of local resistance to resistance
along the path 𝛼 = 0.3, the resistance loss at heat exchange
station Δ𝑃zhan = 0.1MPa, 𝑃1𝑚𝑜 = 0.1MPa, upper bound of
flow velocity 𝜐max = 3.5m/s, lower bound of flow velocity𝜐min = 0.5m/s, upper bound of design temperature difference
between supply and return water Δ𝑡𝑔ℎmin = 30∘C, lower
bound of design temperature difference between supply and
return water Δ𝑡𝑔ℎmax = 60∘C, upper bound of pressure𝑃cheng = 1.6MPa, 𝜌 = 1000 kg/m3, and 𝛾 = 9807N/m3,
and the duration of outdoor temperature in Zhangjiakou are
shown in Table 1.

According to the site investigations, and to follow the
trends of the existing pipeline network, the whole heating
area was divided into three independent heating areas as
shown in Figure 6: the planning floor area of heating area A is
9.61 × 106m2, the planning floor area of heating area B is 6.57× 106m2, and the planning floor area of heating area C is 4.75× 106m2.
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Heating area A
Heating area B
Heating area C

Figure 6: The map of heating areas A, B, and C.

Table 1: Duration of outdoor temperature in Zhangjiakou.

Number
Outdoor

temperature
(∘C)

Duration of outdoor
temperature (hours)

(1) >5 4728(2) 5 4032(3) 4 3850(4) 3 3667(5) 2 3483(6) 1 3299(7) 0 3114(8) −1 2927(9) −2 2740(10) −3 2552(11) −4 2363(12) −5 2173(13) −6 1981(14) −7 1788(15) −8 1593(16) −9 1397(17) −10 1197(18) −11 996(19) −12 790(20) −13 579(21) −14 361(22) −15 120

In this study, we take heating area C as an example.
In Figure 7, only water-supply pipes are marked, while the
position and trend of water-return pipes are in agreement
with the corresponding water-supply pipes. In the following
description, the numbers with “” represent the water-return
pipes, while the numbers without “” represent the water-
supply pipes.

The entire calculation process is as follows:
AChoose themost distant loop from the heat source (the

trunk line), that is, 100 → 101 → 102 → 103 → 104 →105 → 106 → 107 → 107 → 106 → 105 → 104 →103 → 102 → 101 → 100;
B Calculate the 𝑅𝑖 and Δ𝑡𝑔ℎ𝑖 of the water-return pipes in

the most distant loop with the models (38), (39), and (40);
C Follow the order 107 → 106 → 105 → 104 → 103 →102 → 101 → 100 to calculate the 𝑅𝑖 and Δ𝑡𝑔ℎ𝑖 of the water-

supply pipes in the most distant loop with the models (38),
(39), (40), and (41);

D For the other branch loops, calculate the 𝑅𝑖 and Δ𝑡𝑔ℎ𝑖
of the water-return pipes that have not been calculated with
the models (38), (39), and (40), and then calculate the 𝑅𝑖 andΔ𝑡𝑔ℎ𝑖 of the water-supply pipes that have not been calculated,
following the order from far to near with the models (38),
(39), (40), and (41).

The calculation results are shown in Table 2. As expected,
the range of values for traditional economic specific frictional
resistance is 30∼70 Pa/m.

The optimization results in Table 2 show that the design
water-supply temperature for pipe segment 107 is 120∘C,
which is different from all the others. The reasons for this
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Figure 7: Heating network in heating area C.

are the long distance from the heat source to the pipe and
the high elevation of the pipe, which lead to a lot of pressure
reduction in the pipe segment. Therefore, the only way to
ensure the pipe pressure is higher than the vaporization
pressure is to decrease the water-supply temperature. If the
pressure constraint formula (41) is removed, the result for
pipe segment 107 will be𝑅107 = 188,Δ𝑡𝑔107 = 130∘C, at which
temperature the medium will vaporize. Because there must
be one water-supply temperature for the entire engineering,
so this optimization result is not desirable. There are two
solutions to this problem: A the entire heating system is
recalculated according to a lower water-supply temperature
in all the results until the optimization results Δ𝑡𝑔𝑖 of all
the segments are same; B the heat consumers after the
pipe segments whose optimization results of water-supply
temperature are different from the others take the indirect
connection form. In this case, taking into account the fact
that only one segment pipe is different from the others, it is
obvious that the second solution is more reasonable. That is,
pipe segment 107 and the heat user 57 should connect with
the trunk line indirectly.

From the perspective of the entire engineering appli-
cation, based on the calculation of the various costs
and incomes, including heat source construction fee, heat
exchange station construction fee, primary network con-
struction fee, electricity fee, heat loss fuel cost, thermal user
fuel cost, water fee, maintenance cost, labor wage, heating
charges, and residual value of fixed assets, the economic effect
evaluation indexes of the two schemes are shown in Table 3.

By comparison, we can see that under the premise
of ensuring the same heating quality, the economic effect

evaluation indexes of scheme one are better. Compared
to scheme two, the Payback Period is lowered, the Initial
Investment is reduced by 5%, the Present Value Cost is
decreased by �23.6039 million, the Net Present Value has
an increase of �34.1176 million, the Rate of Return on
Investment is increased by 4.98%, and the Internal Rate of
Return is increased by 0.6%, which demonstrate the feasibil-
ity and superiority of the comprehensive specific frictional
resistance.

3.2. Discussion. Through the analysis of the case and the
mathematical models, we show there are many factors that
influence the value of comprehensive specific frictional resis-
tance, including the coefficient of frictional resistance 𝜆, heat
transfer coefficient of pipe surface ℎ, electrovalence 𝑐3, fuel
price 𝑐4, discount rate 𝜀, lifespan 𝑛, pump efficiency 𝜂, and
primary network construction fee. The various values of
the above parameters in different engineering applications
will lead to the different values of comprehensive specific
frictional resistance. In addition, the comprehensive specific
frictional resistance has different sensitivities for different
parameters.

Using the calculation parameters in Section 3.1, and
setting the design water-supply temperature Δ𝑡𝑔 = 130∘C, we
get the sensitivities as shown in Figure 8.

Similarly, using the calculation parameters in Section 3.1,
and setting the design water-supply temperature Δ𝑡𝑔 =130∘C, the comprehensive specific frictional resistance cor-
responding to each flow rate can be solved, by which we
can draw the curves of flow rate-Comprehensive specific
frictional resistance as in Figure 9.
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www.manaraa.com

14 Mathematical Problems in Engineering

Table 3: Comparison table of economic effect evaluation indexes.

Schemes
Index

Payback
Period
(years)

Net Present
Value

(¥10000)

Rate of Return on
Investment

(%)

Internal Rate of
Return
(%)

Present Value
Cost

(¥10000)

Initial
Investment
(¥10000)

Scheme one
(Comprehensive specific
frictional resistance)

11.39 40872.73 39.13 11.7 32116.94 104463.1

Scheme two
(Economic specific frictional
resistance)

12.04 37460.97 34.15 11.1 34477.33 109679.8

Comprehensive specific frictional resistance with flow rate regulation
Lower limit of traditional specific frictional resistance
Upper limit of traditional specific frictional resistance
Comprehensive specific frictional resistance with quality regulation
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Figure 9: Supply and return water flow rate-comprehensive specific frictional resistance.

Some conclusions can be drawn from the Figure 9:(1) Different from the traditional method, the concrete
value of the comprehensive specific frictional resistance can
be calculated for each pipe segment, rather than resulting
from an arbitrary choice in the range of 30∼70 Pa/m, so
the method of comprehensive specific frictional resistance
has a higher degree of refinement. In addition, the com-
prehensive specific frictional resistances are different for
different pipe segments in a heating system, which reflects the
pipe segment differences. Comprehensive specific frictional
resistance decreases with an increase of design flow rate,
and this decreasing trend slows down with the progressive
increase in flow rate. Therefore, when the design flow rate
of the pipe segment is in a certain range, the comprehensive
specific frictional resistance is between 30∼70 Pa/m, which
is consistent with the traditional economic specific frictional
resistance, but for the pipe segments beyond this range,

it is unreasonable to determine the comprehensive specific
frictional resistance according to the traditional method.(2) Comparing the two images in Figure 9, there is little
difference in the comprehensive specific frictional resistance
between thewater-supply pipes and the correspondingwater-
return pipes, but we still find that a small difference may lead
to different diameters, such as in pipe segments 115 and 115
or 122 and 122 in Table 2.(3) We know from Figure 9 that the comprehensive
specific frictional resistance with flow rate regulation is
bigger than it is with quality regulation for the same flow
rate, and this difference increases with decreases in the
design flow rate. Therefore, it is necessary to distinguish
between different regulation modes regarding the issue of
comprehensive specific frictional resistance.(4) For the pipe segments with universal flow rate,
comparing with the range of traditional economic specific
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frictional resistance of 30∼70 Pa/m, the value of comprehen-
sive specific frictional resistance is higher and can reach up
to 200 Pa/m. There are three reasons for this: A the value
of 30∼70 Pa/m was obtained from experience with directly
connected heating networks in the past [8]. For indirectly
connected heating networks, according to the experience of
Nordic countries, the value of specific frictional resistance
will be higher than the above specified value; B in recent
years, the growth trend of electrovalence has been relatively
flat, but the growth in pipe materials and pipe fittings has
been large, resulting in an increase in specific frictional
resistance; C for flow rate regulation, the calculation of
comprehensive specific frictional resistance considers the
change of the actual flow rate during operation. By this
calculation, the computational electricity consumption is
less than the electricity consumption calculated by design
flow rate, so the value of comprehensive specific frictional
resistance is greater than the traditional value.

4. Conclusions

In this paper, we put forward the concept of comprehensive
specific frictional resistance, which aims to improve the
precision degree of specific frictional resistance so as to
promote the development of heating engineering.We provide
a method to obtain the value of comprehensive specific
frictional resistance by establishing a mathematical model,
which is applicable to the optimization of pipe diameter
in primary heating networks. Although the comprehen-
sive specific frictional resistance has the disadvantage of a
complex calculation process, it reflects the pipe segment
differences, differentiates the different operation regulation
modes, and takes into account the safety problems caused by
pipe pressure. Therefore, it is of high practical value.

The ideal value of comprehensive specific frictional resis-
tance is affected by the factors mentioned in this paper and
also needs to be enriched and developed through further
research.
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